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The non-linear behaviour of rub-impact rotors have been 
studied in several papers. In such systems rich dynamics have 
been found together with the coexistence of solutions within 
some specific parameter ranges. In this paper an attempt is 
made to find all stable solutions for an amplitude limited 
Jeffcott rotor including rubbing and stick-slip effect. The 
recently suggested “multi bifurcation diagram method” is used 
to find and extract stable sets of bifurcation diagrams.  
A system is chosen where the linear stationary amplitude 
only exceeds the clearance in a narrow region near the natural 
frequency. Therefore large regions in frequency are expected to 
have only the linear stationary response. The results show that 
it is only for very low frequencies that one single solution 
exists. Even though periodic motions are dominant, there exist 
large ranges in frequency with quasi-periodic or chaotic 
motions. For the studied cases, three coexisting stable solutions 
are most common. In one case as many as four stable solutions 
was found to coexist. 
For rotors with large clearances (no impacts necessary) it is 
still possible to find several coexisting motions. For all cases 
the stick motion is the most severe one with large amplitudes 
and high backward whirl frequencies. In real situations the 
consequence of this stick motion is machine failure. These high 
amplitude motions were found to be stable over large frequency 
ranges. From the stability analysis it was found that this rolling 
motion can be avoided by low spin speed, low contact stiffness, 
low coefficient of friction, small ratio of disc radius/clearance 
or high damping ratio.  
In a design situation the parameters are seldom known with 
high accuracy. Therefore, it is of interest to know all solutions  
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for parameter intervals. The multi-bifurcation diagram can be 
used in such situations to design a robust machine or at least be 
prepared for unwanted dynamics. 
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INTRODUCTION 
In rotor dynamics there are several situations when non-
linear problems can occur. One such example is rub-impact 
which is a highly non-linear phenomenon. The problem is of 
industrial interest since there are several applications where 
rub-impact is the main cause for unwanted vibrations e. g. gas 
turbines, centrifuges, compressors and generators. It has been 
reported that 10.2% of 275 reported jet engine failures during 
1962 to 1975 were caused was rubbing between rotating and 
stationary parts [1]. Several studies have been performed on the 
Jeffcott rotor with this kind of rubbing impacts. Some of them 
are described below, with focus on findings and development of 
methods.  
The jump phenomenon and the influence of radial 
clearance were studied analytically in [2]. A modified 
Harmonic Balance method has been used to predict the 
occurrence and analyse the stability of quasi-periodic motion 
[3].  In [4] Fourier series and Floquet theory was used for 
analysis of global bifurcation and stability. They also reported 
three routes to chaos; from stable periodic through period 
doubling bifurcations, grazing bifurcation and a sudden 
transition from periodic motion to chaos. The stability for the 
case of full annular rub and cross coupling stiffness was 
analysed in [5]. Chaos has been reported to exist over large 
parameter ranges and different solutions can coexist [6]. In [7] 
approximate analytical solutions was developed for non-linear 1 Copyright © 2005 by ASME 
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Dowdynamical responses and in [8] the harmonic balance method 
was used to calculate periodic responses of the non-linear 
system. In most cases the contact was modelled with an 
increased stiffness and Coulomb friction. However, other 
frictional models where the material behaviour in the contact 
spot has also been considered [9]. 
When a system is non-linear it is not satisfying to present 
only one possible solution, without considering if other 
solutions are present. The cell mapping method is one way to 
find all solutions for a given set of parameters. The method was 
developed by Hso and co-workers in a serie of reports [10-13]. 
The method is mainly useful for low order systems where a 
global picture of possible dynamic attractors can be obtained. 
In this paper a rub-impact Jeffcott rotor with Coulomb 
friction is studied. For this problem, no one has presented all 
the solutions that the rotor can produce in a parameter range. 
For a single frequency and all parameters fixed, the cell 
mapping approach is a powerful tool to analyse all solutions. 
Tough, in real life applications, parameters are seldom known 
with such accuracy that one can be completely satisfied with 
the method. A small change in the parameters can change the 
dynamics. In dynamic analysis on intervals, the bifurcation 
diagram has become a general tool [14]. The diagram gives 
bifurcation values and also some insight in the type of 
bifurcations for large parameter ranges. The only disadvantage 
is that the bifurcation diagram technique only follows one 
stable solution. Therefore one can not be sure if and where 
other solutions can exist. 
 In this paper the recently suggested “Multi Bifurcation 
Diagram Method” is used [15]. The method applies the ideas 
from cell mapping to the bifurcation diagram. Thereby a large 
set of solution will be presented in the diagram. By extracting 
new bifurcation diagrams from the found solutions a more 
complete picture can be obtained.  
The method was applied on a rub-impact rotor in initial 
contact with the stator. In this paper a rotor with initial 
clearance is studied. The direction of frictional force and stick 
slip motions are included and the stability of the stick motion is 
analysed. The target is to find all stable solutions over a 
frequency range for a given system. When all solutions are 
known the designer can hopefully find parameter ranges where 
acceptable solutions can be found or at least know what kind of 
problems to expect. 
NOMENCLATURE 
 r Radial position 
R Rotor radius   
θ Angular position 




ω Spin speed 
t Time 
g Gravity 
fr Radial contact force 
ft Tangential contact force 
µ Coefficient of friction 
ks Contact stiffness 
δ Clearance  
ζ  Damping ratio  
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φ Phase in state space 




The model of the Jeffcott rotor is shown in Figure 1.  The 
mass of the rotor, 2m, is supported by the shaft with stiffness k 
and damping c (not material damping). The rotor is amplitude 
limited by the stator which has a diameter 2δ larger than the 
rotor.  The rotor is also subjected to the gravity filed g.  
 












Figure 1: Rub impact model of the Jeffcott rotor. 
 
The origin of the coordinate system is chosen to the centre of 
the stator according to Figure 1B. The spin speed is ω and the 
position of the rotor centre is described by the polar coordinates 
r for the radial displacements and θ for angular displacements. 
When r exceeds the radial clearance δ the rotor becomes in 
contact with the stator. This contact is described by a stiffness 
ks and frictional coefficient µ (in slip condition) which results 
in the contact forces fr and ft. The tangential velocity in the 
contact point Vc, determines the direction of ft and the condition 
for stick or slip. The equations of motion can then be written 
( ) ( ) ( )
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Let R be the radius of the rotor. Then the velocity of the contact 
point becomes    
              ωθ RrVc += &                                                     (2) 
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Stick occurs when Vc is zero and this state is valid as long as 
the tangential contact force is less than the frictional force. The 
equation of motion for the stick phase becomes 
( ) ( ) ( ) (






































































The non-dimensional equations of motions then becomes 
( ) ( ) ( )
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The equation of motion for the stick phase ( 0ˆ =cV ) becomes 
( ) ( ) ( ) ( )
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The model is now complete for analysis and simulations. 
 
METHOD 
In this paper different simulation are carried out in order to 
evaluate the system. In these simulations a fourth order Runge-
Kutta integration with adjustable time-step is implemented in 
an in-house code written in Fortran. In the bifurcation diagrams 
100 Poincaré sections was collected after 200 periods of the 
unbalance force. For the suggested model there are 5 
dimensions in the state space: displacements θ,r̂ , velocities 
θ ′′,r̂ and the phase t̂ω̂φ = . Since the phase can be restricted 
to the interval [0, 2π] it can be described as a circle S1 with the  
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period ωπ ˆ/2 . Thus points in the 5 dimensional state space are 
given by ( ) 14,ˆ,,ˆ,ˆ SRrr ×∈′ φθθ . The Poincaré section ∑ is 
chosen as the cross section of this state space for a constant 
value of the phaseφ . In this paper this constant value is chosen 
to 2π. Therefore the Poincaré section is defined as 
{ }∑ =′= πφφθθ 2,ˆ,,ˆ,ˆ rr .                     (9) 
 
Points in this Poincaré sections are the intersections of a 
trajectory with the plane ∑ positioned at the constant phase 
πφ 2= .  
In an attempt to evaluate the dynamics for all periodic 
solution the “multi-bifurcation diagram” method suggested in 
[15] is used.  The method uses the ideas from the cell map and 
bifurcation diagram techniques. For each frequency the 
dynamic is simulated for a large number of initial conditions 









ˆ toiforiiirir =−=′==′= θπθ           (10) 
 
For each initial condition, 100 Poincaré sections are 
collected after 400 periods of the unbalance force. The resulting 
Poincaré sections are then plotted in the same way as in the 
bifurcation diagram technique. The choice of 625 initial 
conditions is made to obtain realistic simulation times. Higher 
numbers have been studied for some specific frequencies in 
order to evaluate if more solutions can be found. From these 
simulations it was found that for these specific frequencies the 
number was acceptable for this system.  
By analysing the results from the multi-bifurcation diagram 
a large set of solutions can be found. Since the initial conditions 
can be traced for each solution new bifurcation diagrams can be 
extracted from each solution. Thereby one can plot several 
bifurcation diagrams which contain several stable solutions of 
the system. The method to extract new bifurcation diagrams 
from the multi-bifurcation diagram is called the multi 
bifurcation method. 
The method detects almost all stable solutions of the 
system if the set of initial conditions (Equation (10)) is properly 
defined. Locally, it is always possible that an attractor is not 
found. However, if these solutions are part of a bifurcation 
diagram, then the extraction of bifurcation diagrams will find 
the solutions. Therefore solutions that are not found have a 
small boundary of attraction and/or do only exist for a small 
range of the bifurcation parameter. The parameter range of 
interest is problem specific and has to be decided for each case.  
 
STABILITY 
 In Equation (8) the model was described for contact with 
no slip condition. By assuming that the unbalance and gravity 
have insignificant effect, the stability of the motion can be 
evaluated. Solving the stationary state the velocity r′ˆ becomes 
zero and the stationary radius becomes 
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A system is selected with û =0.3, ζ=0.2, ĝ =0.5, µ=0.2, 
R̂ =100 and sω̂ =100. The bifurcation diagram for increasing 
frequency ω̂  is shown in Figure 2 (a) and for decreasing 
frequency in (b). The system vibrates in its linear stationary 
response until the amplitude limit is reached, ω̂ ≈ [0.853-1.465]. 
The only region of multiple solutions is in the region [1.456-
1.595]. For higher frequencies only the linear stationary 




Figure 2: Bifurcation diagrams of the system, (a) for increasing 
frequency and (b) for decreasing frequency. 
 
 
To find if additional stable solutions exist over this interval 
a simulation of the multi-bifurcation diagram is made. The 




Figure 3: The multi-bifurcation diagram. 
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Some of the solutions were found at large r̂  values. For the 
visibility, all these solutions are market with a dot at r̂ =2. 
By analysing the Poincaré section one can separate the 
different solutions. Since the initial conditions are known for 
each solution, one can perform new simulations of each 
attractor. The first point of each new solution is taken as initial 
conditions for new bifurcation diagrams. From these initial 
points the bifurcation diagrams are generated for increasing and 
decreasing frequencies. The decreasing frequency simulation is 
performed in order to find the exact position of the first 
appearance of the new attractor. In Figure 4 the result is shown.  
In the interval from ω̂ =[0, 3] five different attractors can 
be found. In Figure 4 four of them are shown. The fifth solution 
(A) is the bifurcation diagram for decreasing frequencies shown 
in Figure 2 (b). In the upper left position the solution is shown 
for the interesting region of multiple solutions found in Figures 
2. The difference is noted solution (B). In the upper right 
position, solution (C), a bifurcation diagram with large regions 
of quasi-periodic motions is found separated by windows of 
phase locking. For decreasing frequencies the attractor ends 
with a sudden jump to the stationary response of (A). For 
increasing frequencies, a sudden change is found at the end of 
the bifurcation diagram, ( ω̂ = [2.83-2.92]). The size of the 
attractor increases and the upper and lower boundary becomes 
fuzzy. The attractor finally jumps to the solution of large r̂  
values. In the lower left position solution (D) is shown. Here 
another period two solution is found inside the largest window 
of phase locking in solution (C). The period two solution 
suddenly becomes long periodic or chaotic. For both increasing 
and decreasing frequencies the attractor ends with a sudden 
jump to the stationary solution (A).  Finally solution (E) is 
shown in the lower right corner. This solution with high r̂  is 
close to the one explained in Equation (11), except small 




Figure 4: Bifurcation diagrams extracted from the solutions 
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DoTo further investigate the solutions some Poincaré section 
are shown in Figure 5. 
 
     Displacement, r̂  
 
Figure 5: Poincaré section in (a) for solution (B) and ω̂ =1.5; 
in (b) for solution (C) and ω̂ =2.0; in (c) for solution (D) and 
ω̂ =2.468; in (d) for solution (C) and ω̂ =2.9. 
 
Blow up of the lines in Figure 5(a) and (c) show fractal 
structure transversally to each line. The motion in Figure 5 (b) 
is a clear quasi-periodic motion while (d) is a transient or long-
periodic motion. Numerical investigation of the black area of 
Figure 4, solution (B), shows that the attractors are clear circles 
(quasi-periodic motion) separated by windows of phase 
locking. At the end ω̂ = [2.83-2.92] the quasi-periodic motion 
changes to a transient or long-periodic motion according to 




Figure 6: The combined cell map and bifurcation diagram. In 
(a) the gravity is reduced to 3.0ˆ =g and in (b) the gravity is 






















Frequency, ω̂    
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and bifurcation diagram was used. The gravity was reduced to 
3.0ˆ =g in Figure 6 (a) and  0.0ˆ =g  in (b). For case (b) the 
maximum amplitude for the stationary solution is maxr̂ =0.765 
and therefore one would not expect any contact. The Figures 
show that both cases results in several coexisting solutions. 
An interesting solution is the rolling motion of high r̂  
values. The stability of this motion can be analysed by standard 
stability analysis of Equation (11). In Figure 7 the result is 
shown for variations in contact stiffness sω̂  (a), damping ζ (b), 
friction µ (c) and disc radius R̂ (d). 
 
 
Figure 7: Stability diagrams for the rolling stick motion in the 
studied frequency interval. Influence of; (a) contact stiffness 
sω̂ , (b) damping ratio ζ, (c) friction µ, (d) disc/ clearance 
ratio R̂ . 
 
DISCUSSION AND CONCLUSIONS 
In this paper the dynamics of an amplitude constrained 
Jeffcott rotor is studied with the target to find all stable 
solutions. The model includes possibilities for the rotor to stick 
and slip against the stator. To find multiple solutions the 
recently suggested the multi-bifurcation diagram method was 
used. Note that r̂ =2.0 in Figure 3 and 5 markes all solutions 
with 0.2ˆ ≥r . This was made to visualize all solutions in one 
diagram. Analysis of these solutions shows that all large 
amplitude solutions were due to rolling without slip (stick) 
against the stator. 
A system (with û =0.3, ζ=0.2, ĝ =0.5, µ=0.2, R̂ =100 
and sω̂ =100.) is chosen for the study and the driving frequency 
is used as the bifurcation parameter. The selected system is 
chosen to have a narrow region in frequency where the linear 
stationary amplitude of the rotor will impact the stator. 
Therefore large regions in frequency are expected to have only 
the linear stationary response. From the bifurcation diagrams in 
Figure 2 this seems to be true but, when the multi-bifurcation 
method is used one can observe that three coexisting solutions 
is the normal case for this system. See Figures 3 and 4. For the 
studied interval the results show that one single solution does 
(c) (d)
(b)(a)
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Dowonly exist for very low frequencies.  It is also shown that there 
are large intervals in frequency where three solutions can 
coexist. For a small interval as many as four stable solutions 
was found. See Figures 2 and 4.  
In the studied frequency range there exist periodic, quasi-
periodic and chaotic motions. In Figure 5 some Poicaré section 
are shown to illustrate different motions. The motion of Figure 
5 (d) is however more difficult to understand. Since the 
attractor ends with a sudden jump to large r̂  values is likely 
that the motion is due to the interaction with the other attractor. 
But even for 100000 Poincaré sections the motion is still on the 
attractor. Without deeper investigation, one can only say that it 
is some kind of long periodic motion and it is likely that it is of 
transient type. Analysis of Figure 5 (c) shows that this is a 
periodic mapping between the left and right side of the 
attractor. The chaotic motion is of Smale horse shoe type with 
stretching on the left side and folding on the right hand side.  
Among the nonlinear responses, studies of Poincaré 
sections show that quasi-periodic motion seams to be the most 
common one. The most dangerous solution is however the 
rolling (stick) motion in Figure 4 solution (E). This motion 
results in large r̂  values which will destroy the machine. 
Analysis of this stick motion in Equation (11) shows good 
agreement with the simulations in Figure 4.To study the 
influence of gravity two cases was shown in Figure 6 with 
3.0ˆ =g and 0.0ˆ =g . In the first case only periodic motions 
were found near the resonance frequency even though impacts 
will occur. In the second case the maximum amplitude of the 
linear stationary response is maxr̂ =0.765. Therefore one would 
not expect any impacts. However, Figure 6 shows that at least 
three solutions exist above the natural frequency. By studying 
Poincaré sections one can conclude that most of the nonlinear 
responses are quasi-periodic motion. The rolling stick motion 
with high amplitudes is also found for both cases in Figure 6. 
 
In Figure 7 the stability of the stick motion at different 
frequencies ω̂  was analysed for the parameters contact 
stiffness sω̂ , damping ratio ζ,  coefficient of friction µ  and the 
ratio R̂ (disc radius/clereance). In all cases the rolling motion 
becomes unstable for low ω̂ . For the studied system the stick 
motion can be avoided for ω̂ <3 by 
• decreasing the contact stiffness sω̂ to less than 5 
• increase the damping ζ to more than 0.97 
• decrease the coefficient of friction µ to less than 
0.04 
• decrease the disc radius R̂  to less than 1.   
The results show that the multi-bifurcation diagram 
method is a useful tool to find stable solutions in a non-linear 
system. By extracting the bifurcation diagrams one need only to 
find one new solution at one single frequency in order to find a 
new bifurcation diagram. Solutions that are not found are less 
likely to occur in reality since the boundary of attraction must 
be small. In a design situation the parameters are seldom known 
with high accuracy. Therefore, it is of interest to know all 
solutions for parameter intervals. The multi-bifurcation diagram 
can be used in such situations to design a robust machine or at 
least be prepared for unwanted dynamics. 
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